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^SJ ' Abstract 

The study of the partition function in M-theory involves the use of index theory on a twelve- 
dimensional bounding manifold. In eleven dimensions, viewed as a boundary, this is given by sec- 
ondary index invariants such as the Atiyah-Patodi-Singer eta-invariant, the Chern-Simons invariant. 



o 



2 ■ or the Adams e-invariant. If the eleven-dimensional manifold itself has a boundary, the resulting ten- 

dimensional manifold can be viewed as a codimension two corner. The partition function in this context 
has been studied by the author in relation to index theory for manifolds with corners, essentially on the 
^j< • product of two intervals. In this paper, we focus on the case of framed manifolds (which are automati- 

cally Spin) and provide a formulation of the refined partition function using a tertiary index invariant, 
namely the /-invariant introduced by Laures within elliptic cohomology. We describe the context glob- 
ally, connecting the various spaces and theories around M-theory, and providing a physical realization and 
interpretation of some ingredients appearing in the constructions due to Bunke-Naumann and Bodecker. 
The formulation leads to a natural interpretation of anomalies using corners and uncovers some resulting 
constraints in the heterotic corner. The analysis for type IIA leads to a physical identification of various 
components of eta-forms appearing in the formula for the phase of the partition function. 
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1 Introduction 

The goal of this paper is to combine the appearance of corners with that of ehiptic cohomology to describe 
global aspects of the partition function in M-theory, which we hope could help shed some light on the role of 
elliptic cohomology in physics. Topological study of M-theory is often facilitated by taking it as a boundary. 
Furthermore, the heterotic theory is essentially a boundary of M-theory. Then, considering topological 
aspects in this setting requires the study of a twelve-dimensional theory whose boundary theory itself admits 
a boundary, i.e. forms a corner of codimension two. The partition function using index theory for manifolds 
with corners is analyzed in 55 . On the other hand, the study of anomalies in M-theory and string theory 
suggests connections to elliptic cohomology. In the case of heterotic string theory this has a long history, 
in particular in connection to elliptic genera [3 5) |77| |69| . More recently, by interpreting various anomaly 
cancellation conditions as orientations with respect to generalized cohomology theories, direct connections 
between elliptic cohomology, on the one hand, and M-theory and type II string theory, on the other hand, 
are uncovered |37| |38| |39| [Ml ED |67|. 



It is natural to ask how the above two descriptions can be consistently merged together. We advocate that 
the combination of the two pictures, namely that of codimension two corners and that of elliptic cohomology, 
fits nicely into a coherent structure form the mathematical point of view. We implement a unified view which 
we use to study some topological aspects of M-theory in this context for framed manifolds. This is done 
via the /-invariant, a tertiary invariant introduced in j40j and connected to index theory in |20) |14j . Some 
aspects of M-theory on framed manifolds in the context of elliptic cohomology are considered in [SS]. Here, 
in addition to extending the relation further to the heterotic theory, we also consider the effective action and 
partition function of type IIA string theory. 

Why framed manifolds. We would like to encode corners together with cobordism in the context of 
M-theory. By now it is established that cobordism invariants corresponding to various structures appear in 
the construction of the partition function in M-theory [24] [23] [56] [57] [58] . Structures described previously 
include Spin, Spin'^ and String structures. These are related to K-theory and elliptic cohomology. In this 
paper we will consider manifolds with a more basic structure, namely a framing of the tangent bundle, which 
include the class of parallellizable manifolds. This type of structure is related to a truncation of the sphere 
spectrum given essentially by elliptic cohomology. We, therefore, provide another angle on the proposals in 
[57] [55] [51] [HI]. On the other hand. Lie groups provide an interesting class of framed manifolds, and so 
taking spacetime to be a Lie group (or some quotient thereof) resembles - and to some extent subsumes - 
Wess-Zumino-Witten models. Note, however, that being framed automatically means being Spin, so that 
our discussion certainly includes the structures that are expected from a physics point of view, namely Spin 
structures (see j56j for an extensive description, with an emphasis on the geometry). 

Why framed in the heterotic theory. We would like to concentrate on the case when the 10-dimensional 
heterotic corner of M-theory admits a framing. String theory on parallelizable backgrounds is exactly solv- 
able, and hence such backgrounds play a prominent role in the theory. In [55] [17] [53] [5T] a classification 
of (simply-connected) supersymmetric parallelizable backgrounds of heterotic string theory is given. For 
heterotic backgrounds without gauge fields the dilaton is linear and hence can be described by a Liouville 
theory, and the geometry is that of a parallelized Lie group and hence can be described by a WZW model. 
These include products of Minkowski spaces with the odd-dimensional spheres S^ and 5^ and the Lie group 
SU(3). For example, for the latter, the ten-dimensional manifold is M?-'^ x SU(3). In the presence of nonzero 
gauge field strength, the geometry may be deformed away from that of a group manifold; it is still paral- 
lelizable but with respect to a metric connection with a skew-symmetric torsion }30j . Flux compactifications 
on group manifolds in heterotic string theory are considered in |llj . These include the group manifolds with 
zero Euler characteristic underlying ungauged WZW models, such as S^ x S^ [71|. Examples with nonozero 
Euler characteristic include connected sums of SU(2) x SU(2) ^ S^ x S^, which admit a complex structure, 
but are non-Kahler, and have a nowhere-zero holomorphic form. 



Index-theoretic invariants in various dimensions. Various index-theoretic invariants appear in the 
description of the effective action, and hence of the partition function, in M-theory. These arise in the form of 
an index in the twelve-dimensional extension of M-theory, a mod 2 index in type IIA in ten dimensions, and a 
secondary invariant in eleven-dimensional M-theory. Our point of view provides and supports a dimensional 
hierarchy of the form 

• Dimension 4 and 12: The effective action is given by indices of twisted Dirac operator (see [75]). This 
is a main point where topology enters. Some refinements to elliptic genera appears in Refs. |37| [58] . 

• Dimension 3 and 11: The effective action involves the eta-invariant, the e-invariant, or the Chern- 
Simons invariant (see [56 for an extensive discussion). In the presence of corners, the Melrose ^-calculus 
is used to replace the eta-invariant with the &-eta-invariant |55| . Some elliptic refinements, in the sense 
of [ig HB, are discussed in Ref. [55] • 

• Dimension 2 and 10: The effective action and partition function of type II target string theory and of 
the worldsheet theory involve the Arf invariant 24 . Elliptic refinements of the mod 2 index include 
the Ochanine invariant as discussed in detail in Ref. |60] . 



Including the case of framed manifolds, we will advocate the structures in the following table 



Dimension 


Physical Theory 


Index invariant 


Cohomology Theory 


Underlying Structure 


10 


IIA 


d 


Integral cohomology 


Closed Spin manifold 


11 


M-theory 


e 


K-theory 


Manifold with boundary 


10 


Heterotic 


I 


Elliptic cohomology 


Manifold with codim 2 corner 



Here d is the Adams d-invariant, which is (a variant of) the mod 2 index of the Dirac operator, e is the 
Adams e-invariant, and / is the invariant of Laures for manifolds with corners of codimension two in the 
context of elliptic cohomology. The latter is related to the elliptic genus in a manner similar to how the 
e-invariant is related to the Todd genus in K-theory. In the generalization of the e-invariant, which takes 
values in Q/Z, to modular forms one notes the following: Since Q/Z is not a ring then it does not make 
sense to consider "modular forms with coefficients mod Z" . Hence, one has to consider modular forms with 
values in an appropriate ring, which turns out to be the ring of divided congruences [40) . 



Which elliptic cohomology theory? Topological modular forms (TMF), while can be viewed as a sort of 
a 'universal elliptic cohomology theory', suffers from a shortcoming, namely that it is not complex-oriented. 
The latter is desirable when dealing with physics (see [37] [39]). Therefore, we will consider versions of TMF 
which are complex-oriented. A prominent example is TMFi(7V) attached to the universal curve over the ring 
of integral modular forms for the congruence subgroup F = Fi(A^) of SL(2, Z). More precisely, TMFi(A^) is 
formed of global sections of a sheaf of spectra over the moduli space of elliptic curves with level structure; 
see [4^ [4^. The e-invariant e : tthS — > Z Q/Z requires using modular forms for F = Fi(2) at the cusp 0. 
In order to detect manifolds with corners, one has to go to chromatic level 2, e.g. to elliptic cohomology, and 
requires working with the congruence subgroup Fi(3). Therefore, we see that for K-theory one concentrates 
on powers of 2 while for elliptic cohomology one considers powers of 3. In fact, if one does not want 2 to 
be inverted then the smallest level at which this occurs is 3. Detecting mod 3 phenomena, i.e. considering 
the case iV = 3, connects to anomalies at the prime 3, studied in [26] [57]. The congruence subgroup Fi(3) 
appears elsewhere physics, e.g. in the context of topological string theory [1]. 



Elliptic genera for the heterotic string. We recall an explicit instance where elliptic genera appear in 
the heterotic theory, which we will later view as a corner. The modular invariance violating terms can be 
factored out of the character-valued partition function, which has the form 42 



A{q, F, R) = exp [-||G2(T)(Tri^2 _ ^^^2^] ^^^^ p^ ^) ^ 



(1.1) 



where A{q, F, R) is a fully holomorphic and modular invariant of weight —4, and can be expressed in terms 
of the Eisenstein functions G4 and Gg (or equivalently, using E4 and Eq), as opposed to the function G2 
which is not modular. From modular invariance, the anomaly always has a factorized form and is given by 
the constant term in the elliptic genus 

I12 {F, R) = A{q,F,R)\ 12-form cocff . of qo 

= 5^(TrF2-Tri?2)AX8(F,i?), 

where Xs(F, R) is the Green-Schwarz polynomial corresponding to the tangent bundle and gauge bundle 
with curvatures R and F, respectively. 

Oultine. What we do in this paper can be summarized in the following: 

1. We provide a setting for framed manifolds in M-theory and string theory, starting at the beginning of 
Section[21 We specialize to parallelizable manifolds, stably parallelizable manifolds, and in particular to 
Lie groups and homogeneous spaces in Sections 12.11 12. 2[ and 12.31 respectively. Since M-theory involves 
boundaries, we describe how framed manifolds arise as boundaries in our context in Section [ 



2. We describe framed cobordism invariants in connection to M-theory and string theory. After a general 
discussion on framed cobordism in Section [2.51 we describe the relation between 10-dimensional string 
theory and the d-invariant (which is a variant of the Arf invariant) in Section 12.6.11 and then the 
relation between the e- invariant and 11-dimensional M-theory in Section 12.6.21 Along the way we 
explain the effect on the partition function, and in Section [2. 71 we consider that from the point of view 
of change of framing. We also describe the parity symmetry of the C-field in this context. 

3. Having described both framed structures and invariants, we introduce the corner formulation and 
show in Section [3. II how the various interconnected theories, together with their boundaries and some 
dualities, fit nicely into the structure of framing -I- corners. This provides a transparent view on how 
K-theory and elliptic cohomology enter into the setting. For instance, the formulation of the C-field in 
M-theory in Ref. j23j can be cast in this setting in a very natural way. 

4. We consider type IIA string theory on a manifold with boundary in connection to M-theory, itself with 
a boundary and as a boundary. Since the phase of the partition function is given by an index, it is 
natural to describe the partition function, and especially the phase, in this index-theoretic context. 
This allows us to get an expression of the phase and provide an interpretation of eta-forms appearing 
in Ref. [46], thereby extending similar interpretations in Refs. j59) |55j . This also serves as a warm up 
via secondary index theory for the application of the tertiary index theory in later sections. 

5. We consider the formulation of the heterotic theory as a corner in Section [5751 The factorization of the 
anomaly can be viewed via the splitting of the tangent bundle in the context of framing. Furthermore, 
we show in Section 13.3.11 that the general form of the anomaly as well as the cancellation of that 
anomaly point to the presence of corners. This can be generalized to anomaly cancellation as a general 
process. Then, in Section l3. 3. 2| we lift the one-loop term to twelve dimensions and then consider the 
reduction to the corner. This results in a constraint on degree twelve Chern numbers that generalize 
the constraint on degree ten Chern numbers in [24] , and gives rise to a cup product composite Chern- 
Simons theory. We illustrate how these conditions affect the corner by highlighting the example of the 
ten-dimensional Lie group Sp(2) in 40^ which turns out to be the physically important one (see 26!). 

6. We next combine the framing -I- corners description of the heterotic string with the elliptic cohomology 
aspect via the framed cobordism invariant at chromatic level 2, namely the /-invariant of Laures [40], 
and its geometric refinement by Bunke-Naumann [20] and Bodecker [14]. This can be viewed as the 
reduction of the index - i.e. the topological part of the action - from twelve dimensions to the corner. 
In Section [nm we highlight the connection to topological modular forms and Tate K-theory and how 
the terms in the effective action get refined to q-expansions, as in [58j. As we explain in Section 13.51 



the /-invariant captures the nonzero q part of the expansion and hence, in the view of treating g as a 
sort of a 'couphng constant' [54], the quantum aspects of the theory. We highUght this in the example 
of 53 X S^. 

We emphasize exposition to explain the various interconnections between the mathematical constructions 
and the physical ingredients and settings. 

2 Framed manifolds and framed bundles in M-theory 

In this section we describe relevant classes of framed manifolds which appear in our setting. These in- 
clude parallelizable manifolds such as Lie groups and certain homogeneous spaces. We then highlight the 
relevance of structures on these spaces to the physics in M-theory and string theory. We will denote by 
"admissible manifolds" those manifolds that can be taken as spaces on which string theory or M-theory can 
be compactified, with or without fluxes. 

Framed manifolds. If M is a closed n-dimensional manifold with tangent bundle TM, then its stable 
tangent bundle T^^M is the direct sum of TM with a large trivial bundle M x W (that is, large r) 

T'*M = TM © (M X R"^) . (2.1) 

A (stable) framing on M means a trivialization / of T^'Af , that is, a set / = (/i, • • • , fn+r) of (n + r)-sections 
of T^'^M , linearly independent everywhere. One can consider this from the point of view of embeddings. A 
framing on a manifold M" smoothly embedded in Euclidean space M"+''' consists of an ordered set of vectors 
{wi(a:), • • • , Ufe(x)} varying smoothly with x G Af " and providing a basis for the normal space of M" in ]R"+'^ 
at X. In terms of classifying spaces of G-structures, a framing on a smooth manifold M is a pair (/i, v) such 
that h : M —^ R"+'^ is an embedding with normal bundle classified by a map j/ : Af — ;> BO{k) with a lifting 
i> : Af — > EO{k), where EO{k) is the total space of the universal principal 0{k) bundle 

(2.2) 




BO{k) 
with pr^, : EO(k) -^ BO{k) being the bundle projection. 

Framed vector bundles. A rank r vector bundle E -^ M is called trivial or trivializablc if there exists a 
bundle isomorphism E = M x W with the trivial rank r bundle over M. A bundle isomorphism E ^ M xW 
is called a trivialization of E, while an isomorphism (p : M x W ^ E is called a framing of E. Denote by 
(ei, ■ • ■ , Cr) the canonical basis of the vector space W, and regard the vectors e^ as constant maps M — > MJ", 
i.e. as sections of M x M.'". The isomorphism (p determines sections /^ := fisi) of E with the property that for 
every x £ M the collection (/i(a;), • ■ • , fr{x)) is a frame of the fiber E^.. This shows that we can regard any 
framing of a bundle E ^>- M of rank r as a collection of r sections {ui, • • ■ , Ur} which are pointwise linearly 
independent. Thus one has that a pair "(trivial bundle, trivialization)" deserves to be called a trivialized, or 
framed bundle. 

In the following we provide what might be viewed as a toolkit for admissible manifolds, whereby we 
provide an extensive class of examples. 

2.1 Parallelizable manifolds 

A parallelizable manifold is a manifold whose tangent bundle is trivial. This trivialization provides a framing 
in a natural way. As every parallelizable manifold is Spin, it is an admissible manifold (in a strong sense) 



in M-theory. Such manifolds are often decomposable. The product of two parallelizable manifolds is not 
necessarily parallelizable. However, a product M x N is parallelizable if and only if M and N are stably 
parallelizable and either factor has a vanishing Euler characteristic, since x(M x N) = x{^) ' x(-^)- 

Examples. 1. Lie groups. All Lie groups (and their quotients by finite subgroups) are parallelizable. 
We discuss this important class of examples in detail in section 12.31 

2. (Projective) Stiefel manifolds. The real and complex Stiefel manifolds Vn.k are parallelizable if 
k > 2. For complex Stiefel manifolds one has the following (see [3]). PVn,k is the quotient space of the 
free circle action on the complex Stiefel manifold Vn^k of orthonormal fc-frames in complex n-space given by 

z(wi, • • • , Vk) — {zvi, • • • , zvk)- If fc < n — 1 then PVn,k is not stably parallelizable. The manifold PVn^n-i 
is parallelizable, except PV2,i = S"^, while PVn,n is the projective unitary group, and so is parallelizable. 

3. Grassmannian manifolds. The only real Grassmannian manifolds Grfe(R") which are parallelizable 

are the obvious cases: Gri(E2) ^ Rp\ Gri(R4) ^ Gr3(M4) = RP^ and Gri(M^) = Gr7(M^) = RP^ . The 
ten-dimensional manifold X^'^ = M.P^ x RP'' plays an important role in the subtle aspects of K-theoretic 
description of the fields in type II string theory |17) . 

4. Homogeneous spaces. Many homogeneous spaces are known to be parallelizable: Lie groups, Stiefel 
manifolds, quotients of the form G/T where G is a Lie group and T is a toral subgroup. This provides 
many examples involving the relevant low-rank Lie groups. Another relevant class of homogeneous spaces 
is the following. Let G = SU(n) and H = SU(fci) x ••• x SU(fcr), r = rank(G), embedded in G in an 
arbitrary manner. If G/H is parallelizable then G/H is either a complex Stiefel manifold or is of the form 
SU(n)/SU(2) x • • • x SU(2) where the subgroup SU(2) x • • • x SU(2) is embedded in the standard fashion 
|71) . Most relevant for us is the six-dimensional manifold SU(4)/(SU(2))'^. 

5. Products of spheres. The product of a sphere with a sphere of odd dimensions is always parallelizable. 
For example, let us consider the eleven-dimensional manifold Y^^ — S^ x S'^ , which is important in the flux 
compactification of M-theory. The 7-sphere S'^ admits a nowhere zero section, so that the tangent bundle is 
the sum TS'^ = ?7©e^ for some rank 6 bundle rj. Let prj^ and pr2 denote the projections of the product to the 
first and second factors, respectively. Then T{S'^ x 5^) — pr* (TS"*) ® pr2(?7® e^); now the second summand 
gives pr2(?7)©£^ and so using pr*(TS'^)©£^ = pr;j;(r5"*©£^) = e^, in total we have pr2(?7©e^) = e-^-^, which 
shows that indeed S x S is parallelizable. Similar remarks hold for the decomposable eleven-dimensional 
manifolds S^ x S^, S^ x S'^, S^ x S^, and S^ x S^°. 

6. Sphere bundles over spheres. This is a class of examples that will be very useful for us when 
considering the partition function in later sections. Let E — ^ M" be a smooth oriented m-plane bundle with 
associated sphere bundle 5™^^ — > S{E) -^ Af" in some Riemannian metric. We specify to M" — 5" and 
introduce the disk bundle D'" -^ D{E) -^ S"" associated to a vector bundle E over the sphere S"". Recall 
that T{I]){E)) = Tr*TS" © 7t*E, so that if is a stable trivialization of E there is induced a stable framing 
of D{E) by pulling back and the usual stable framing of TS"- along n. Note that d{D{E); 0) = {S{E);(f)) 
where 4> is the stable framing of S{E). 

2.2 Stably parallelizable manifolds 

A bundle E is said to be stably trivial if its Whitney sum with a trivial bundle is trivial. A manifold M 
is said to be stably parallelizable or a n-manifold if the tangent bundle TM is stably trivial. Note that if 
TM © e'' is trivial then TM © e^ is already trivial. In fact, if M is connected without boundary then TM 
itself must be trivial, i.e. M must be parallelizable (see Sec. 12.11 above). 

Reduction of structure group for stably parallelizable manifolds. Let Y^^ be a connected stably 
parallelizable closed eleven-dimensional manifold. There is, up to isomorphism, exactly one stably trivial, 
but not trivial, 1 1-dimensional vector bundle r over Y^^. It may be described as the pullback of the 
tangent bundle of S^^ by a map / : Y^^ — >■ S^^ of degree one (collapsing the complement of an open disk) 
P^ . It follows from [75] that the structure group of r can be reduced to SO{k) by the standard inclusion 



SO{k) ^^ SO{ll) if and only if 12 = mod a(12 — k), where a{r) is the Hurcwitz-Radon number of r. The 
special case in which r is the tangent bundle is considered in (19|. 

Properties. (Stably) parallelizable manifolds enjoy the following useful properties. 

1. The boundary of a parallelizable manifold is a 7r-manifold. This will be useful when considering various 
boundaries and corners. 

2. The product of two 7r-manifolds is a 7r-manifold. This will be useful when we consider decomposable 
TT-manifolds, which will be the main class of admissible manifolds. 

3. Every stably parallelizable manifold is Spin. This also follows from the more general fact that framed 
manifolds are Spin. Hence such manifolds are physically admissible. 

4. Suppose H C K C G is a sequence of closed Lie groups. If G/H is stably parallelizable then so is K/H. 

Examples. 1. All parallelizable manifolds. This includes spheres in all dimensions. The spheres have 
many interesting properties including TS"" © e^ = e""^^ . On the other hand, the only real Grassmannian 
manifolds Gfc(M") which are stably parallelizable are the parallelizable ones, as in Sec. 12.11 above. 

2. Homogeneous spaces. An example which is not (strictly) parallelizable is the following. Let G be a 
simple 1-connected compact Lie group and H a closed connected subgroup. Then G/H is stably parallelizable 
if and only if the adjoint representation Ad/j of H is contained in the image of the restriction map of real 
representation rings RO(G) -^ RO{H) [72]. 

3. Sphere bundles over 7r-manifolds. Recall that the tangent bundle of a sphere bundle S{E) takes the 
form TS{E) ^ 7r*TAf" Tf{S{E)), with the canonical isomorphism 1 Tf{S{E)) ^ ■n*E, where Tp is the 
vertical tangent bundle. Assume that Af" is a 7r-manifold. Then S{E) is a 7r-manifold if tt*E — > S{E) is 
stably trivial. In particular, S{E) is a 7r-manifold if Af" is the n-sphere; see |73j. 

Extending almost parallelizable to parallelizable manifolds. Here we will contrast the case of string 
theory and M-theory, in the sense of even- vs. odd-dimensional manifolds. If the dimension of M is even, the 
parallelizability of a stably parallelizable manifold is determined by the vanishing of the Euler characteristic 
of M . Thus if the Euler characteristic is zero then any stably parallelizable manifold is in fact parallelizable. 
For us this includes ten-dimensional manifolds appearing in type HA and heterotic string theory. On the 
other hand, if the dimension of M is odd, M is parallelizable if and only if its Kervaire semi-characteristic 
Xi (Af), defined via mod 2 homology by 

Xi{M)^\^dimH,{M-'L2) (mod 2), (2.3) 

vanishes. Therefore, similarly, when Xi(-M^) = then a stably parallelizable manifold becomes parallelizable. 
This places a condition on the homology of the manifolds; see Section l3Tl 

2.3 Lie groups and homogeneous spaces as framed manifolds 

Lie groups form an interesting class of examples of compactification manifolds which are able to carry subtle 
torsion information about fields in spacetime. See e.g. 45 for a description of such WZW models in the 
context of twisted K-theory. The discussion we give below, together with the construction of twisted Morava 
K-theory in [68], allows for an extension to detect finer invariants (see Sec. I2.5p . 

Framings on Lie groups. The left invariant vector fields of a compact Lie group G induce a specific 
isomorphism £, the left invariant framing, between the tangent bundle of G and the product bundle G x 
j^dimG^ Indeed, the tangent bundle T{G) of any Lie group G is trivial. Take a basis {ei, • • • ,e„} of the 
tangent space at the origin Te{G), where n — dimG. Denote by Rg the right translation by g in the group 
defined by Rg : x ^-^ x ■ g, for all a; G G. This is a diffeomorphism with inverse Rg^ = Rg-i so that the 



differential DRg defines a linear isomorphism DRg : Te{G) -> TgG. Since the multiplication G x G ^ G, 
given by {g, h) i-^ g -h, is a smooth map then the vectors fi{g) — DRg{ei) G TgG, i = 1, ■ ■ ■ ,n, define smooth 
vector fields over G. Then for every g € G the set {fi{g), ■ ■ ■ , fn{g)} is a basis of Tg{G) so that there is 
indeed a vector bundle isomorphism : G x R" ^> TG taking (g; e^, • ■ • , e") to [g; ^ e'^fi{g))- Similarly, the 
same holds for framing via the left translation Cg. Then the right invariant framing TZ : T{G) = G x Te{G) 
of G is given by TZ{v) = {g,Rg-i{v)) where v G Tg{G). 

Framings on homogeneous spaces G/ H. Let G be a compact connected Lie group and H a closed 
subgroup of G. Let T{G / H) denote the tangent bundle bundle of the coset GjH. Consider the i/-principal 
bundle H ^ G ^ G/H. Then the tangent bundle of G decomposes as T{G) ^ n*T{G/H) © Th{G). This 
isomorphism is compatible with the right iJ-action, and so there is an isomorphism of vector bundles over 
G/H, namely T{G)/H = T{G/H) ® Th{G)/H. Let ad/f denote the adjoint representation of H on Te{H). 
Similarly, there is an isomorphism Th{G)/H = G Xh Tc{H) of vector bundles over G/H, where H acts on 
Te{H) via adn- Combining the above bundles gives the isomorphism of vector bundles over G/H 

G/H X T,iG) = T{G/H) ® G x^d^ T,iH) . (2.4) 

So if ad-H is contained in the image of the restriction map RO{G) — > RO{H) of real representation rings 
then (|2.4I) gives a framing of G/H (see 03]). 

2.4 Framed boundaries 

We will consider framed manifolds in twelve, eleven, ten, and nine dimensions, and in the last three cases 
we would like to allow the manifolds to be boundaries. We will consider restrictions for this to occur and 
illustrate with useful examples. 

Lie groups. Let G be a compact Lie group. Two natural questions that arise in our context are: When 
is G the boundary of a compact manifold Z? In this case, when is Z parallelizable? We highlight two cases 
that are important to our discussion: 

1. Disk bundles ©(-Cc) of the canonical complex line bundles £c over the quotient G/S^. The boundary 
Y of the total space Z of the complex line bundle is the circle bundle S{C) given by G — ?> G/S^ with 
dZ = G. This context (for manifolds that are not necessarily framed) is discussed extensively in Ref. 

m- 

2. Similarly for disk bundles 3{Cm_) of the quaternionic line bundles Cm over G/SU(2) = G/S^. The 
boundary Y of the total space Z of the quaternionic line bundle is the sphere bundle S{Cm) given 
by G ^^ G/ S'^ with dZ ~ G. The example we have in mind in this case is the group ten-manifold 
Sp(2) = Spin(5) or S0(5) and their quotients with finite groups. See also Ref. [26_ for an application 
to D-brane anomalies. 

5'^-action and generalized flag manifolds. Let G be a compact Lie group of rank I and T a maximal 
torus. Then the flag manifold G/T is a tt- manifold |16J, and an explicit bounding manifold W with a 
corresponding stable framing can be constructed as follows [55] . Let g and i be the Lie algebras of G and T, 
respectively. Under the adjoint action of T, g decomposes as an ad(T)-module as g = t®Q flo,, where a are 
certain linear forms a : t ^ M and the Qa are two-dimensional T-modules corresponding to e" : T ^ SO{2). 
The subspace £q, = t © go, is in fact a Lie subalgebra of g isomorphic to R'^^ © su(2), where R'^^ = ker a is 
the center and su(2) is the commutator subalgebra of £„■ Denote by Gq. < G the closed connected subgroup 
corresponding to £„ < g. Then the 2-sphere bundle 

Go^/T -^ G/T -^ G/Ga (2.5) 

has a corresponding disk bundle W which is stably parallelizable. The tangent bundle of W is given by 
TW ^ ■K*T(G/Ca) ffi TT*^, where ^ is the 3-plane vector bundle corresponding to the 2-sphere bundle (|2.5p . 
For example, when G is the Lie group G2 the total space of the 2-sphere bundle is a 12-dimensional manifold. 



5'^- and S''^-action and framing of the disk bundle. Consider the case when H is S^ or S^ and 

Z tlie corresponding dislc bundle over G/H with projection p. Denote by Adc (resp. Ad/f ) the adjoint 
representation of G (resp. H). Then the restriction of Adc to H decomposes as 

Adclff = Ad(G^H) ® Adff , (2.6) 

since Adclff contains Ad// as a sub- representation. Let H act via Add if oi^ the tangent space Te{G), 
decomposing it via (EH), as Te{G) = V®T^{H). From T{G)/H ^ GxhT^{G) and Th{G)/H ^ GxhT^{H), 
one gets T{G/H) = GxhV. Suppose that there is a real representation / of G such that fin = Ad(G,ff)fficr® 
£, where the integer £ denotes the ^^-dimensional trivial representation, and a is the inclusion H ^^ SO{r+ 1) 
for r = 1,3. Applying / to TZ = p*{T{G/H) © 77, where 77 is the vector bundle associated via a to the 
principal i^-bundle tt : G — > G/H, yields an isomorphism : TZ © (Z x K^) ^ Z x M''+^+^, which provides 
a framing for Z. So the framed manifold {Z,(f>) bounds the framed manifold {G,—f). See l49. for more 
details. More examples can be found in [4j. 

We now present an example which is central to our discussion. 

Example. Sp(2). The ten-dimensional Lie group Sp(2) can be viewed as a 3-sphere bundle over the 
7-sphere, S^ ^t- Sp(2) — > S"^. This example is used in f26l to study D-brane anomalies at the prime p — 3. 
Since this is a sphere bundle, it is a boundary of a disk bundle D^ =-> Y^^ — £'(Sp(2)) — i- S"^ , which is a Spin 
manifold, and hence certainly is a framed manifold. 

Topological conditions on stably parallelizable manifolds with boundary. We consider M-theory 
on an eleven-manifold Y^^. Then the semi-characteristic of Y is defined in (|2.3|) . Let Z^^ be a compact 
12-dimensional manifold with boundary dZ^^ = Y^^. Then, from the general result in [18j, the Euler 
characteristic of Z^^ and the Euler semi-characteristic of Y^^ are related as 

X{Z'') ^ Xi{y'') mod 2. (2.7) 

This places a condition on the cohomology of Y^^ and of its bounding manifold Z^^. 

2.5 Framed cobordism 

We are considering manifolds which can be boundaries and which at the same time admit a framing. The 
natural context to study these is framed cobordism. 

Framed cobordism classes and the parity symmetry in M-theory. Let A/i and M2 be two closed n- 
dimensional framed manifolds. We say that Mi and M2 are framed cobordant (written Mi ~ M2) if there are 
(n-l-l)-dimensional compact framed manifolds Wi, W2 with framed diffeomorphism Mi ]J dWi = M2 ]J dW2, 
where dWi and dW2 have the induced framings. The empty set can be viewed as an n-dimensional smooth 
framed manifold with a unique framing. A framed manifold (M, /) is null- cobordant or cobordant to zero if 
M is the boundary of a compact manifold X'^'^^ endowed with a framing / that restricts on M to n © /, 
where n is the unit outward-pointing normal field of M in X. The inverse —{M,f) of a framed manifold 
(M, /) is defined by taking M with the "opposite" framing, i.e., with the framing obtained by reversing one 
of the sections of /. Note that this implements the discrete parity symmetry of M-theory on manifolds with 
vanishing first Spin characteristic class, i.e. on String manifolds and hence framed manifolds. This symmetry 
is given by an odd number (in this case one) of space and time refiections together with a refiection of the 
C-field G3 1— > — G3. Two framed n-manifolds (Mi,/i), (M2,/2) are framed cobordant if their disjoint union 
(Ml, /i) n — (M2, /2) is null-cobordant. This is an equivalence relation for framed manifolds, and the set of 
equivalence classes of framed n-manifolds forms an abelian group r2^[ under disjoint union of manifolds. 



Framed cobordism in 9, 10, and 11 dimensions. A closed framed lO-manifold M^" represents a class 
[M-^'^] e iliQ = 7rfQ(S'°) = Z2 ® Z3 = Zg via the Pontrjagin-Thom construction. We will also be interested in 
the 9-dimensional and ll-dimensional cases, for which 7r| = Z2©Z2©Z2 = Zg and nfi = Z7©Zg©Zg = Z504, 
respectively. The fact that these groups are nonzero implies that there are obstructions to having a framed 
9- manifold, 10- manifold, or 11-manifold to be a boundary. However, as in |23| for the Spin case, we will 
assume that the manifolds that we have are such that there are no such obstructions, i.e. , the boundaries 
are given to us from the start; we will take situations where we have a specific given boundary. 

Lie groups as elements in framed cobordism. If G is a /c-dimensional compact oriented Lie group 
then every trivialization of the tangent bundle gives rise to a trivialization of the stable normal bundle and 
hence to an clement of the kth framed cobordism group iljj. If two choices of linear isomorphisms of the Lie 
algebra g with M*^ differ by an element of GL(A;, M) of positive determinant then the corresponding tangential 
trivializations are homotopic through trivializations and hence determine the same element of il/^. Therefore, 
a compact oriented fc-dimensional Lie group gives rise to a well-defined element [G] G J7|''. 

Adams filtration. A compact Lie group G with its left invariant framing C defines, via the Thom- 
Pontrjagin construction, an element [G, £] in the stable homotopy groups of spheres tt^. The filtration is 
a good measure of the complexity of ttJ. A result of [3Bj states that for G a compact Lie group of rank 
n, the element [G,C] in 7rJ(5'°) defined by G in filtration n. This filtration is the same as the chromatic 
level. To detect chromatic phenomena at level 1, that is via K-theory, Lie groups of rank 1 should be used. 
However, if we want to detect chromatic phenomena at level 2, corresponding to elliptic cohomology (or 
to Morava K-theory K(2)), we should consider Lie groups of rank 2. Therefore, a priori, the most relevant 
groups for us will be e.g. G2, Sp(2), SO (5), Spin(5), SU(3), and their quotients. The element resulting from 
the Pontrjagin-Thom construction depends only on the orientation of the basis and is denoted by [G,a,C], 
where a is the orientation of G. Using right translation instead leads to the element [G,a,TZ]. Sometimes 
we will leave the orientation out of the notation. 

Examples. 1. Spheres. We consider the Lie groups which are spheres, namely S^ = S0(2) and S^ = 
Spin(3). The elements [S'^,£] and [S''^,i3] represent the Hopf maps ry G 7rf = Z2 and ly G n^ — Z24, 
respectively. 

2. Tori. The three-dimensional torus T^ = S^ x S^ x S^ represents an element rf e 7r|, where 77 G 7rf is 
the generator represented by S^. 

3. Central extensions. Let G be a finite central subgroup of G so that there is an extension G -^ 
G — > G/G. It is natural to ask how the classes [G, £] and [G/G,C] might be related. For example, S0(3) 
represents 2^ so that [SO{3),C] ~ 2[Spin(3), £]. In general [S0(2n),£] = 2[Spin(2n), £] which is zero for 
n > 2 [33]. Other examples of higher dimensions but of rank 2 include SO (5), Spin(5) and Sp(2). In 
this case 2[SO(5),£] = 4[Sp(2),£], as shown in [36j. In terms of generators [36] [10] [79] [73] one has 
[Sp(2),i;] = ±l3i e TTfo = Zg. On the other hand, for S0(4) the class is [S0{4),C] = 0. For the case of the 
projective group, since S0(5) ^ PSp(2) then 2[PSp(2),£] = 4[Sp(2),/:]. 

4. Stiefel manifolds. For 1 < g < n — 1, let Vn^q denote the Stiefel manifold of orthogonal g-frames in F", 
where F = R, C, H. Then, from [48], the element [14,, g ,(!>]= for a framing in the sense of [45. 

5. Flag manifolds. Let be a stable framing of the framed flag manifold G/T and [G/T,(p] e tt^. Then 
2[G/T, 0] = £ 7r|. This implies that there is a framing </> of the eight-dimensional flag manifold Sp(2)/T^ 
such that [Sp(2)/T^; <f>] = 77 o a £ 7r|, where 77 7^ G ttJ, as above. 

We now highlight a few useful properties of Lie groups elements in framed cobordism. 

Properties. 1. Product of groups IIOI: For two groups G and H with framings Cq and Ch, respectively, 
the corresponding classes satisfy [G,Cg] x [H,Ch] = [G x H,Cgxh]- This implies, for example, that T^, 
T^, S^ X S^, and S^ x S^ x S^ with their left- invariant framings give nonzero elements in ttJ. 



2. Effect of change of orientation f^: Changing the orientation results in a possible reversal of sign of the 
corresponding class [G,a,n] = (-1)<^™'^[G, -a,£] = {-if ^"^^+^[0,0, C]. 

3. Effect of change of representation RW.' For any two real representations pi and p2 of G, and for the 
adjoint representation Adc, the following holds [G, Adc ~ Pi+ P2] = (— 1)^'™''[G, pi — p2]- 

The consequences of the above properties can be summarized in that the only effect at the quantum 
theory is a possible sign change in the cobordism invariants discussed below. Therefore, if the effective 
action is already integral then a change in sign would not affect the single-valuedness of the function. 

Relation between framed cobordism and Spin cobordism. The image of f7^' —> $1*^'" is zero unless 

* — 8k + 1 OY 8k + 2, where it is Z2 and is detected by the Atiyah-Milnor-Singer a-invariant. See [55] for 
an extensive discussion on the applications to string theory in ten dimensions. Since ri^f" = 0, the map 
Trf]^ — i> fill™ is trivial and so a framed eleven-dimensional manifold Y^^ may be viewed as the boundary 
of a Spin manifold Z^'^ of dimension 12 with the induced Spin structure on Y^^ being compatible with the 
framing. 

2.6 Framed cobordism invariants at chromatic level 1 

We will describe how cobordism invariants of framed manifolds appear in the description of the partition 
function in M-theory and type II string theory. To that end we first describe these invariants within framed 
cobordism. In particular, we will describe how the d-invariant and the e-invariants appear, thus implementing 
some of the entries appearing in the table in the Introduction. 

2.6.1 The d-invariant and Arf invariant in type II string theory 

Here we recall two invariants relevant for the partition function in dimension ten (and to some extent in 
dimension nine). These two invariants are in fact very closely related. 

1. The Arf invariant. The Arf invariant of a framed manifold is a framed cobordism invariant defined 
in dimensions 4fc + 2, fc > 0. So, in our case, this is the invariant 

Arf : n% ^ Z2 . (2.8) 

Note that (a variant of) this invariant is used in the construction of the partition function [24] [50] [56] . The 
importance for type IIB string theory, as well as for the M5-brane, is highlighted in [12] |64) . 

2. The d-invariant. Using K-theory, Adams defined surjective homomorphisms, the d-invariants 

dm : n'^ ^ T:gS" ^ Z2 © Z2 , n'{„ = 7rio5" ^ Z2 . (2.9) 

These are given by the mod 2 index of the Dirac operator [7] [8] . An extensive discussion in the context of 
M-theory can be found in [55] . 

Examples. 1. Lie groups. The d-invariant dR : tt^ — > Z2, for n = 1 or 2 mod 8, vanishes for any 
non-abelian compact Lie group G. In fact, on such a group (e.g. U(3) or S0(5)) there is a bi-invariant 
metric of positive scalar curvature. Hence, by the Lichnerowicz theorem, there are no harmonic spinors on 
G. But from 0, cZr is the real (resp. complex) dimension mod 2 of the space of harmonic spinors on G. 
Thus, d^lG] — 0. In fact, if G is a compact Lie group then dR{[G, £]) = except in low dimensions [9]. 
2. Finite quotients of Lie groups. Let G be a semisimple Lie group of dimension ten with non-abelian 
maximal compact subgroup, for example the Lorentz group S0(1, 4). Let F is a discrete subgroup such that 
G/F is compact. Then d[G/r] = [70]. The same holds for G a simply connected nilpotent Lie group. Now, 
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from Atiyah-Singer index theorem, the d-invariant is given by the kernel KerD of the Dirac operator D on 

G/T 

d[G/T] = h{G/V) ^ i dini(Keri:>) . (2.10) 

It turns out that h{G/T) is an even integer so that, in the context of [24] [56], the partition function is 
anomaly free. 

3. Parallelizable manifolds. Let X be a compact parallelizable manifold of dimension ten or nine. Then, 
due to the quanternionic structure on the corresponding Clifford algebras 70 , dim(Ker_D) = mod 4. 
Therefore, again, for such manifolds there is no anomaly (see |56j for details). 

2.6.2 The e-invariant and M-theory 

Using K-theory, Adams defined surjective homomorphisms, the e-invariant, 

e : ^4fc-i^" ^ Zd, , 7r8fc5°^Z2, (2.11) 

where dk denotes the denominator of _B2fc/4fc, where Bi is the Bernoulli number. These numbers are the 
orders of the corresponding cobordism groups, which are ri|' = Z24, fif' = Z240 — Z3 © Z5 © Zig (with 
generator 5''^ with twisted framing defined by the generator of 7r7(0) = Z) and il^{i = Z504 = Z7 © Zg © Zg. 
We are interested in fc = 1, 2, 3 in the first case and fc = 1 in the second case in (|2.1ip . 

The e-invariant. A [/-structure is a lift (up to homotopy) of the classifying map of the tangent bundle 
TX^'^ : X — !> BO to BU . A {U, fr)-manifold is a compact [/-manifold X with smooth boundary and a 
trivialization oi E = TX^^ over the boundary, i.e. a bundle map '0 : E\qx — dX x C'^. In particular, ip 
provides a framing for dX. Using relative characteristic classes of the complex vector bundle E = TX^^, the 
complex e-invariant of the framed bordism class of dX is defined to be 

ec{dX) = {Td{E), [X, dX]) mod Z . (2.12) 

By Atiyah-Patodi-Singer [5] the quantity on the right hand side is (Td(^), [X, dX]) = /^ Td(V^), where V^ 
is a unitary connection on E which restricts to the canoncial flat connection specified by the trivialization. 
Similarly, the real e-invariant cr : 7r|j,_j^ — )• Q/Z can be defined for Spin manifolds. The two are related by 
es/e = ec mod Z, where e{k) = 1 if A: even and \ otherwise. See [HI] [SB] for applications to M-theory. In that 
context, since TZ^'^ is trivialized over Y^^ we can define the relative Pontrjagin classes pi in H'^*{Z^^, Y-^^) 
and hence evaluate the A^-polynomial on the fundamental cycle of Z^'^. Then the e-invariant of Y^^ can be 
defined via the relative A-genus as [9] 

e[y"] = il(Zi2) mod Z . (2.13) 

By the index theorem, this is independent of the choice of the bounding manifold Z^^. This can be viewed 
as an analog of the similar observation on the effective action in ^24^ for the Spin case. 

Examples. 1. Spheres. Consider those spheres that are Lie groups. In this case, e[S^ = ±i and 
e[S^] = ±^ (see [9^). For applications to the M2-brane see [61, . 

2. Tori. The 3-dimensional torus T'^ — S^ x S^ x S^ has e-invariant i. This can be directly generalized to 
higher dimensional tori. 

3. Quotients or extensions. For C a central subgroup, knowing the e-invariant of the Lie group G allows 
us to know that of the quotient G/C and vice- versa. For example, the relation [SO (3), C] — 2[Spin(3), C] = 
2[S^,C] gives e[S0(3)] = if^. 

4. SU(3). The group SU(3) as a framed manifold with a left-invariant framing represents [SU(3),£] —V^ 
7r| = Z2 © Z2 • F [75] [79]. Let A : SU(3) -^ SU(3) denote the identity map regarded as the fundamental 
representation of SU(3) on C^. Then the e-invariant of [SU(3), A] is 1 [79] , 

5. U(3). Let a be the generator of TrKSS*^) given by the Hopf bundle. Then t{a) = ['S'"^,'C] generates 
7r|(50), so that t(3cr) = v. From rjV = u^, this gives [U(3),/:] = 77[SU(3),£] = v^. 
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Integrality and corners. The Todd genus of a (U, fr)-manifold is integral if and only if the e-invariant of 
its boundary is integral or, equivalently, if and only if its boundary is the corner dgdiX of a (U, fr) ^-manifold 
X. in the context of M-theory, this says that the index - in the form of the Todd genus - of Z^^ is integral 
if and only if Y^^ — dodiW^^ of a (U,fr) ^-manifold W^^. This views Y^^ itself as a corner, in contrast to 
viewing its boundary as a corner, as we do for most of this article. The structure of the topological terms in 
M-theory indeed do not suggest a lifting to thirteen dimensions. 

2.7 Change of framing 

Like other geometric structures on manifolds (e.g. Spin structure), a framed manifold might admit different 
framings. In this section we will study the possible physical effect of the change of framing. The analog for 
Spin and Spin'^ structures is studied in [56] , and that of String structures in [61] . 

A framing on a manifold AI corresponds to a lift in the diagram 

EO{n)^ 0{n) (2.14) 



BO{n) 



The different choices of framing correspond to maps from A/" to the fiber 0{n) of the principal classifying 
bundle. Given a framed manifold Af" and a map T : A/" — > 0{n) we may use J- to change the framing. 
Conversely, given two framings 0i and 02 of Af , they differ by a map 02/01 : -A/" -^ 0{n). The change of 
framing in the case of two and ten dimensions can be viewed from the point of vies of the Atiyah a-invariant 
[61] [56 which is the refinement of the mod 2 index of the Dirac operator from Z2 to KOm = Z2 for to = 2, 10. 

Twisted framing. We start with the case of a Lie group, which is always oriented as a manifold. Given a 
map (y9 ; G — )■ SO{n), there is an automorphism of the trivial bundle G x M'' given by {g, to) n> {g, ipg^^{w)). 
Then the twisted framing (here for right) TZ''^ of 7?, by (p is defined as the direct sum of 7^ with this automor- 

1 

phism. The determination of [G^TZ"^] depends essentially on the element of the reduced group KO (G+) 

represented by ip, where G"*" is G with a point adjoined. Given an element a in KO (G) we may twist a 

given framing of G to obtain a new element [G, 0°]. Let Af" be a framed manifold embedded in R""*"*-' 

1 

and a framing of its normal bundle NM. For a £ KO (Af ) the twisted framing 0" is constructed as the 

composition of and the automorphism a of the trivial bundle Af x R'^ determined by a. 

Example. Change of framing on sphere bundles over spheres. We consider the example we 
discussed earlier in Sec. 12.11 and Sec. 12.21 The framing of S{E) is called the induced framing. All 

other framings of S{E) may be obtained from by twisting with elements of KO {S{E)). Suppose that 
[E] = £ KO{S^''). Then S{E) is a 7r-manifold and hence there are elements [S{E);(f)] e T^n+m-i corre- 
sponding to the different framings of S{E). 

Change of framing and the d-invariant. The change of framing will have an effect on the d-invariant. 
We consider the case of a Lie group, i.e. a WZW model context. For an element a, giving rise to a left 
framing £", the d- invariant will get modified by J (a) as 

dM{[G,C°'])=dm{J{a))odM{[G,C]) ■ (2.15) 

In order to guarantee the absence of mod 2 anomalies in the partition function, we would like the transformed 
d- invariant to be even. If dR([G, £]) started out as being already even then there are no conditions needed. 
However, if dR([G, £]) were odd then there are no potential anomalies if dT^{J{a)) is also even. If this occurs, 
then the change of framing could be viewed as a way of curing an anomaly. However, we do not have explicit 
examples. 
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Change of framing and the e-invariant. Let s* : H*{BSO;Q) — ^ H*{SO;Q) be the cohomology 
suspension and set u„ — s*pn G H'^"~^{SO;Q) wliere p„ G iJ*"(i?50;Q) is the nth universal Pontrjagin 
class. The cohomology suspension kills decomposable elements □ so that 

where _B„ is the nth Bernoulli number. Suppose that E — > S" is stably trivial ?7i-plane bundle, with a 

stable trivialization of E, and a G KO {S{E)). Then putting Ak — n + m, the e-invariant with new element 
is i73j 

eiSiE); 0„] = -^^g^ {a*u,, [S{E)]) . (2.17) 

Since Lie groups are admissible manifolds which, furthermore, do not lead to anomalies in the partition 
function, we should have that a*U3 is an even multiple of u^ for an 11-dimensional bundle with a spherical 
base. 

Examples. 1. Let G be a compact connected Lie group of dimension 3 and a G KO (G) be an element 
with second Stiefel- Whitney class W2{a) zero, li pi{a) is the first Pontragin class of a in H^{G;Z) (i.e. via 
transgression to the Chern-Simons form) then the e-invariant of the variation is given by |36] 

eK([G,/:"]-[G,£])--(iS2-pi(a), [G])^ mod 2Z . (2.18) 

From the results in [S5], we require the cohomological pairing on the right hand side of (|2.18p to be an 
integer. This places an obvious congruence condition on the Pontrjagin class pi{a). The groups we have in 
mind are SU(2) = Spin(3) ^ Sp(l) and S0(3). 

2. If G is a compact connected Lie group of dimension m =8 or 9, and A G KO (G) satisfies 'W2{)^) = 
then [75] 

emilGX^] - [G,C]) - (p'(^a) - 1 , [G]),,,, G KOr,-,+ii*) = ^2 ■ (2.19) 

Here p^ is the cannibalistic characteristic class of Adams and Bott associated with the Thom isomorphism 
p^{E) = 0^ otp^ o(j)^(^l). The groups we have in mind here are SU(3) in dimension 8 and U(3) in dimension 
9. The Adams operation ^*, which is an automorphism of K-theory, is given a physical interpretation in the 
context of M-theory in [SS|. As in the previous case, the results of [SS] require that the KO-theoretic pairing 
on the right hand side of (|2.19p to be zero in Z2. 

The consequence of the above two examples is that the difference of the e-invariant should be an even 
integer in order for the partition function to be anomaly-free. 

3 Topological and modular aspects of M-theory with corners 

3.1 Building the general setting in M-theory 

We will show in this section how the formulation in terms of corners is the natural setting for topological 
considerations of M-theory. This complements the analytical point of view in [5 5) . 

Consider M-theory on an 11-dimensional manifold Y^^ with boundary Af^° — dY^^. This is considered 
in Ref. [23], where a model of the C-field which is valid in that case is proposed, with the phase given by 

$(G, r") = exp [in^DA) + 'f^DRs) + 2^i/iocai] , (3.1) 

where £,{Da) is a section of a U(l) bundle with connection over the space of C-fields on the boundary 
M^", with Da an £'g Dirac operator and Dus the Rarita-Schwinger operator, and ^ denotes the reduced 



^This is a process used in 1621 . 
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eta-invariant ^{D) — ^{ri{D) + h{D)). The model is also extended to the case when the ll-manifold is of 
the form F" = X^° x S^ with the type IIA 10-manifold X^° itself having a boundary N^ = dX^°, so that 



The authors of Ref. 

'12 



'23 
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also consider the reduction of the phase from Z^^ to M^^ 

.2 



in the product case. 



They consider Z^'^ — A/^" x A-^, where A^ is a 2-simplex {(^1,^2) : < ti < ^2 < 1} with identification ti 
ti + 1. We will interpret this as a characterizion of manifolds with corners, and then generalize the discussion 
for more general such bundles without the need to introduce simplices. With the ansatz for the field strength 
Gz — Gm + dti A wi + dt2 A a;2, the phase reduced to M^° takes the form exp [—2ni^ Jj^j^^ G AuJi A W2] ■ 
We will provide a generalization of this for manifolds with corners. At this stage it is obvious that the above 
phase can be traced back to 12 dimensions by applying Stokes formula in two directions of boundary faces, 
namely di takes wi to a copy of G and 82 takes uj2 to another copy of G, so that, overall, one has indeed 
a term of the form G A G A G, which is the desired coupling in twelve dimensions. The authors consider 
conditions on torsion cohomology classes; we will in addition be interested in doing global analysis. As 
the structure above suggests, we will highlight the case when the corner Af ^° is the total space of a circle 
bundle tt. The pairing H'^{N^;Z) x H'^{N^; U{1)) -^ f7(l) suggests that the structure of the base of that 
circle bundle tt has a 7-dimensional factor. Indeed, the most interesting case will be when M-^^ = 3^x3^^, 
corresponding to a base N^ ^ S'^ x S^ or N^ = CP^ x S^. 

We generalize the above setting of product structure to more general bundle structure captured by this 
diagram 

Zi2 (3.2) 



-^ly" = diZ 




doZ^^ = y" 



M— theory 



A/10 

Hctcrotic 



N^ = axio ^ 



■ X'" ■ 

type IIA 



U 
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The extension of type IIA to U^^ is discussed in [12] 
9and its dual) are studied in |63| . 



General boundary conditions on the C-field 



The Rarita-Schwinger field and supersymmetry. We highlight some effect on the spinor fields and, 
in particular, as far as stable trivialization is involved. The Rarita-Schwinger bundle over a manifold M is 
defined as the virtual bundle RS — TM mO, for some multiple of the trivial line bundle O. For example, 
TO = 4,3,2 in twelve, eleven, and ten dimensions, respectively. The Rarita-Schwinger bundle RS is stably 
trivial (see Sec. ^ if RS © nO is trivial. A key observation is that this implies that TM is trivial, and 
hence that M is parallelizable (see Sec. 12. ip . As a consequence, the characteristic classes of the tangent (and 
Spin) bundle will be trivial. Once the Rarita-Schwinger bundle is trivialized then we have the simplification 
that we could consider only the Eg bundle. Triviality of the tangent bundle implies the triviality of the 
Spin bundle. Parallelizability implies the maximum number of linearly independent sections. Thus, for the 
Spin bundle this ensures the maximum number of spinors. This is desirable for compactification to low 
dimensions. 
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Non-gravitational fields and diflPerential forms. There is an attractive feature for tlie differential 
forms representing tire fields on stably parallelizable manifolds. Any exact form on any stably parallelizable 
manifold Af" (e.g. on a sphere) is induced from the Euclidean volume element in R" by a smooth mapping. 
This can be applied for example for the field strength of the C- field in M-theory, with G4 — dC^, or the 
Ramond-Ramond fields in string theory, i^p+i = dAp. This gives an explicit characterization/presentation 
of such fields. 

3.2 Relation to type IIA: Disk bundles and eta-forms 

In this section we will consider the effective action and partition function of type IIA string theory in the 
context of corners. We will identify the contribution to the phase. This will allow us to provide physical 
interpretation of higher eta- forms, extending the discussion in [46] |59j . 

Let Z be the total space of a disk bundle over a 7r-manifold X associated with a vector bundle E. 
For the purpose of relating M-theory to type IIA string theory, E is usually a circle bundle. The Kervaire 
semi-characteristic is zero, so that if the circle bundle Y^^ is stably parallelizable then it is also parallelizable. 

Z^^ as a (2) /-manifold. Wc consider Z^^ as a fiber bundle n : Z^^ — > X^^, where both the disk fiber D^ 
and the type IIA base X^'^ are compact (l)-manifolds, i.e. manifolds with boundary, and the faces are given 
by the fiber bundles (see diagram p.2p ) 

diZ^^ = ly" : ©2 ^ I^" ^ dX^° = N^ , (3.3) 

52^12 = yii : S-i = 9B2 ^ y" ^ X^° . (3.4) 

Consider metrics g^^ and g'^^ and connections V"^^ and V"^^ on TX^'^ and TD^, respectively. Corre- 
sponding to the splitting TZ^^ ^ TD^ © n^TX^^, we have a connection V® = V^^ ® tt* V^-^. Consider a 
Dirac family De on Z^'^ parametrized by points on the base, as in [15] [SI] [55] [53] [5S], assuming a metric 
of product type near the boundary. Furthermore, we assume that the kernel of De induced on the fiber- 
wise boundary (|3.4p is of constant rank, so that the index bundle with respect to the Atiyah-Patodi-Singer 
boundary problem is well-defined, with D^ the corresponding twisted Dirac operator on the boundary. We 
also consider the line bundle L with connection V^ corresponding to the principal circle bundle (see |56j). 

Contribution to the phase from the boundary of type IIA. The Bismut-Cheeger [13] and Melrose- 
Piazza A7i formulation of the index implies that a representative in cohomology of the Chern character of 
the index bundle is given by the differential form on X^'^ by integrating over the disk fiber 

/ {l(V^^)ch(V^V2)ch(v^)|_^(i^|)_ich(v'^-^i) . (3.5) 

The Index class can be encoded in a virtual vector bundle E with unitary connections V^, such that 
[E] = [^ie-E'2] = [Ind], so that in de Rham cohomology (ch(Ind))^R = ch{\/^)+duj, for some w € f^°'^'*(Xi°). 
We now introduce the Es bundle V with connection V^ on Z^^ and its restriction to the boundary, with 
the same notation, and assuming a pull-back structure. Then, with a product connection V®, via JA^ 

f l(V®)ch(V^) = / l(7r*V'^-^)l(V^^)ch(V^) 

|l(V^^)ch(V^) (ch(V^) +dLj + ^)\ 

= Iml{DE^v)+ f A(V^^)ch(V^)77 + |e(7^|^v)-f / ^A(V^^)ch(V^ 

The phase of the partition function is Phase = lnd{DE0v)- The last term in p.6p is the contribution from 
the boundary in type IIA. 
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Interpretation of the eta-forms. The basic part of expression p.6p gives 

l(V^^) = (ch(Ind))^j,+^ (3.7) 

For the three relevant nontrivial degrees we have 

A4(V™) = (chi(Ind))^R + B2 , (3.8) 

2 

l8(V™) = (ch3(Ind)),j, + Bl , (3.9) 

2 

^i2(V™) = (ch5(Ind)),j, + Bl , (3.10) 



where we identify the components of the eta-form as powers of the B-field. This generahzes to higher degrees 
the interpretation in [JS] [SI] of the eta-form in degree two as essentially the B-field. 

We can approach this from an another angle which makes it a bit more physically explicit. Consider type 
IIA string theory on U^ x T^ with metric ds\ — ds'^2 + t^dsfj. When the E% bundle is trivial and with the 
Ramond-Ramond fields i^o = = i^i then the phase in this case, via [50], is 



$1 = 



-l-JF^f + UF^f.l-p.-lF^.As . (3.11 



Comparing with the second term in (j3.6p , we have the following interpretation of the eta- forms 

m^-\F2, m = -\{F2)\ ^io--j^(F2)5. (3.12) 

This is another interpretation of eta-forms in terms of the Ramond-Ramond 2-form rather than in terms of 
the B-field. However, there is no conflict as the two fields can be identified for some topological purposes; 
see [Ml l65l. 



3.3 The heterotic theory as a corner 

In this section we will provide another argument for why the corner setting is natural to consider for heterotic 
string theory. This complements the discussion above in Section lXTJ as well as the analytic arguments in [55]. 
In particular, the structure of the heterotic anomaly points in a natural way to a corner formulation. The 
heterotic theory, like other flavors of string theory, will mostly arise on manifolds which are decomposable 
as products or as flber bundles, as in [63] . 

The heterotic corner as a framed cobordism class. We will consider the heterotic corner as a framed 
corner. The invariant we will associate to this is a framed cobordism invariant, and hence depends only on the 
framed cobordism class. Using the results of [20], the data that reflnes the corner M^" into a representative 
of a framed cobordism class 

[Afio] e n'^:^/'^' , (3.13) 

and which interestingly matches the physical setting (see diagram p.2[) ). is the following 

1. A decomposition TM^^ = T"Af ^° © T^M^^ of framed bundles. This implements a factorization, as 
e.g. dictated by anomaly cancellation (see below). 

2. Compact 11-dimensional manifolds VF^^, F^^ with boundary dW^"^ = —dY^^. The manifold Y^^ where 
M-theory resides, while W^^ is 'physically hidden'. 
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3. Decompositions TW^^ = yo^ii T^W^^ with complex structure on the first factor and framing on 
the second factor; and TY^^ = T'^Y^^ G)T^Y^^ with framing on the first factor and complex structure 
on the second factor. For instance, in the product Y^^ = X^ x W^, we take X^ to be framed and W^ 
to be complex (e.g. Calabi-Yau). 

4. The inclusions Af^o ^ VF", M^" ^ F" identify 

{T^W^^)\mio = T^M^°, (rV")|Afio ^r"Mi°, as framed bundles, (3.14) 

(T°W^")|mio = T°M^°, (riW^")|Afio =riMi°, as complex bundles. (3.15) 

5. A manifold with corners Z^^ such that OqZ^^ ^ W^^ and diZ^^ = Y^^. This is the lift in diagram 
133. 



6. A decomposition TZ^^ = T^Z^^ ® T^Z^^ of complex vector bundles such that 

7. the inclusions W^^ ^^ Z^'^ and F" ^ Z^^ identify 

T°Zi2|yii = T°y", T^Z^^i^^^ g^yiyii ^ (3J7) 

as complex bundles. 

The 11-dimensional manifold W^^ is to satisfy the above conditions so that diagram p.2p is properly imple- 
mented. 

3.3.1 Corners as the natural setting for heterotic anomalies 

Consider the Green-Schwarz anomaly in the heterotic (and type I) theory. The general formulation of anoma- 
lies requires considering a degree twelve polynomial whose integration over the 10-dimensional manifold is 
the curvature of the anomaly line bundle. Consider heterotic string theory on a Spin manifold (M^", g) with 
Spin bundle SM and with a vector bundle E of structure group Eg, x Eg, or Spin(32)/Z2, which captures the 
dynamics of the Yang-Mills fields via a connection A on E. Then the H-field and its dual satisfy [55] 

^d{H3u-^ + Hru~^) = [ch2(A) ~piig)]u-^ + [ch^iA) ~ ^pi{g)ch2iA) + ^piigf - igPaCg)] u"^ , 

(3.18) 
where u is the Bott generator. The anomaly polynomial is given by 



/12- / X^AXs (3.19) 

with H3 and Hj providing the trivializations of the forms X4 and Xg , respectively, as given in p. 181) . The 
usual connection to ten dimensions is that one has to introduce a local term in the action functional of the 
form Jt^io B2 A Xg. Our interpretation of this is that it is implicit that we schematically have the following 
relations 

"X4 = di/3 , i?3 = dB2" (3.20) 

which we interpret as saying X4 = d^H^ and 7J3 — diB2 (in both cases, up to possibly cohomologically 
nontrivial terms), so that the relation between Z^^ and A/^° is dodiZ^^ = Af^°, with di the homological 
counterpart to the cohomological differential di. A similar argument holds for the dual field iJy with the 
polynomial Xg. Therefore, the structure of the anomaly and the process of anomaly cancellation have a 
natural home in the setting of manifolds with corners. Such a formulation also holds in other situations 
where topological anomaly cancellation occurs. While we do not explicitly spell them out, it is obvious how 
our discussion could be adapted. 
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Note that the anomaly polynomial can be given in terms of the elliptic genus as [32] 

-^12 = 0cll|l2-form cocff. of q° ■ (3-21) 

Then a natural question is what this corresponds to in ten dimensions. Our formulation in terms of corners 
can also be viewed as providing an answer to this question. Note that the two terms in the integrand in 
p.l9p are interpreted in terms of twisted String structure and twisted Fivebrane structures, respectively |66j 

3.3.2 The one-loop term in the presence of a corner 

The topological study of M-theory relies on the existence of the one- loop polynomial /g [3S] , which is a degree 
eight polynomial in the Pontrjagin classes of eleven-dimensional spacetime Y^^ . The term in the action is of 
the form J^n C3 A/g- It is natural to ask how this term behaves under dimensional reduction to ten or lower 
dimensions, or upon dimensional lifting to twelve and higher dimensions. An example of the former is in 
type IIA string theory, where the term takes the form /-v-io B2 Alg- An example of the latter situation is the 
lift to the 12-dimensional bounding theory on Z^'^, where the term takes the form J^ia G4 A Is- Extensions 
beyond twelve dimensions are considered in 160] . What we would like to analyze is how this term behaves 
upon reduction from Z^^ to its 10-dimensional corner M^°. 

The one-loop term lifted to twelve dimensions takes the form 

G4 A /g = (iA - a) A {^{p2 - A^)) , A = ipi . (3.22) 

We will concentrate at the prime p — 3, i.e. work 3-adically, so that the obstruction to the Fivebrane 
structure ^p2, in the sense of [5^, as well as the term jgP2 in expression p.22p both can be effectively 
viewed as the fractional class ^p2- We will concentrate on the A Ap2-term in p.22p . Passing to the complex 
case, taking into account the fact that we are taking Z^'^ to be a complex manifold, this part of the action 
can be written interns of the Chern classes of Z^^ as 

C2 • \c4 . (3.23) 

This Chern number can be viewed as an analog of the term J-^^o 5C2 • C3 that appears in the calculation 
of the partition function in type IIA via K-theory and Eg gauge theory [23] ■ The expression p.23|) is a 
12-dimensional analog with the prime 3 taking the place of the prime 2. 

Now we reduce expression (I3.23P to the corner M^°. The general form of the term at the level of 
differential forms is 

/ ICS3 A CSj , (3.24) 

a product of a Chern-Simons 3-form and a Chern-Simons 7-form, both of gravitational type. We would like 
to see how this fits into the description of the corner via the /-invariant (see Section [575]) . The construction 
of the /-invariant requires a presentation of the framed ten-manifold M^^ as a corner of codimension two of 
an almost complex twelve- manifold Z^'^ with suitable splitting of the stable tangent bundle. We illustrate 
this with the main physical example, which turns out to also be the main example in the mathematical con- 
struction of the /-invariant in [3D]- The group Sp(2) is the element (3 at the prime 3 [33] [3D]- This example, 
which is a 3-sphere bundle over the 7-sphere, is relevant in string theory in relation to nonrepresentable 
cycles [26i . 

Example: M^" =Sp(2). This example is described from the point of view of K-theory at the prime 3 in 
[26| . We will derive conditions on the (lifted) one-loop term arising from a condition for Sp(2) to be the 
corner of the 12-manifold Z^'^. Let [Z^'^, dZ^"^] be the relative fundamental class. Pairing cohomology classes 
with this homology class amounts to detecting those classes which are nontrivial on Z^"^ but become trivial 
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on the boundary Y^^. Such a situation is described in detail in [S5]. Now let us consider the condition for the 
corner to be Sp(2). To that end, we will take Z^^ as a (U, fr)^-manifold with a splitting of the stable tangent 
bundle T^Z^"^ © T^Z^"^, and consider the corresponding Chern classes {ci, ■ • • , cg} and {ci, • • • , cq} of the 
two subbundles T'^Z^^ and T^Z^^, respectively. The condition derived in [3D] is given by the /-invariant and 
depends on all possible Chern numbers of total degree 6; however, if we take ci = — ci 9that is complex 
instead of almost complex) then the condition becomes the statement that 

(c2 • ic4 - C2 • ic4, [Z^'^,dZ^^]) e Q/Z(3) ^ Z3=. has order 3. (3.25) 

This can be viewed as our condition on the one- loop term of the topological action reduced to the corner, 
as in (12231). 

3.4 Topological modular forms and Tate K-theory 

Tate K-theory iCTatc has a spectrum which is homotopy equivalent to K A tmf. Laures identifies the K- 
theory of elliptic cohomology with Katz's universal ring of divided congruences. Tate K-theory is already 
proposed in [37] [32] [S3] [SI] to essentially describe the elliptic refinement of the partition function. The 
point we make here is that the ring of divided congruences is already present in that theory, and hence is of 
physical significance in the current context. 

The ring of divided congruence. The Eisenstein series E4 and Eg with E2k = 1~"^^ S^i(Sd|n 'P''~^)q^' 
generate the graded ring of modular forms over the complex numbers. One can capture congruences be- 
tween modular forms by considering the ring D where all congruences between modular forms take place. 
For example, E4 = l mod 240, corresponds to the class ^{E4 — 1) G D. However, over the 3-adic integers, 
one has to consider the ring D of divided congruences: the elements of D are those 3-adically convergent 
series in ^ fi of (inhomogeneous) modular forms over Q3 such that the q-expansion ^ fi{q) = A(^ fi) has 
coefficients A in Z3. 

Tate K-theory. Tate K-theory [2] [41] is defined via the Tate curve, given by y^ + xy = x^ + 042; + ag, 
where the coefficients are given by 

a4-^(l-i?4)eZ[[9]], ae =576(1 -^4) + 8^4(^6 -l)eZ[[q]]. (3.26) 

The Tate curve is already defined over the subring D C Z[[q]] of divided congruences. Tate K-theory is 
simply K[[q]] so that the coefficient ring is TTo-RTTato — ^[[<z]]- At the level of the moduli space of curves, this 
theory is obtained by working formally in the neighborhood of the j-invariant taking the value j = 00. Note 
that if q = then 04 = = ag. So we see that elements in D correspond to higher order terms beyond the 
classical term. We interpret this, in the spirit of [S3], as considering low values of the coupling constant q, so 
that we view Tate K-theory as a sort of a 'perturbative elliptic cohomology'. The sigma-orientation lifts to 
a map MU{6) — >■ K[[q]] and the invariant 7r,MSpin ^> Z[[g]] asscoiated to the a-prientation on KTate is the 
Witten genus [2] (fwiM) £ ^[[g]]. More on the String condition in string theory can be found in [58] [67] . 

Modular forms with respect to the congruence subgroup F = Fi(3). Consider the subgroup 
SL(2,Z3) = SL(2,Z)/Fi(3) of SL(2,Z), with congruence subgroup 

Fi(3) = {( J t) mod 3} C SL(2,Z) . (3.27) 

The ring of modular forms over F — Fi(3) is generated by the two series 

00 00 

^i-l + 6EE(f)L9", i?3 = l-9EE(f)L^V, (3.28) 

n=l d\n n=l d\n 

where (^), denotes the Legendre symbol. Thus in dealing with the /-invariant, in addition to the modular 
forms E4 and Eq, one might encounter the forms Ei and E^. 
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3.5 Chromatic level 2: Heterotic corners and the /-invariant 

We have used the /-invariant at the level of cohomology classes. We now show that the refined version, the 
geometric /-invariant |20| |14| . also captures part of the dynamics and anomalies of the heterotic corner. 

Elliptic genera and (2)-manifolds. The elliptic genera provide interesting invariants for (2)-manifolds. 
Instead of Q/Z for the e-invariant, one wants to consider some values that 'combine' Q/Z with modular 
forms. For a 12-manifold, this is done by Katz's ring of divided congruences [40]. A framed 10-manifold is 
the corner of a (U, fr) "^-manifold if and only if the /-invariant gives an integral inhomogeneous modular form 
for two levels > 2 which are relatively prime to each other. 

Let X be a closed [/-manifold. Then the elliptic genus of X has an integral g-expansion [32]. Let M^° be 
a codimension-two corner of a {U, fr)-manifold Z^^. The classical constant term and the quantum nonzero q 
term are given, respectively, by 



EUq — Ell\n=Q 



Ell = Ell - Ello 



(3.29) 



We consider the splitting of the tangent bundle into two bundles Vi and V2 ■ Using the relative Chern classes 
of the split tangent bundle, the f -invariant of the framed bordism class of M^° is defined to be [H] 



/(Af 1°) ^ {{Ell{V^) - l){ElloiV2) - 1), [Zi2, dZ'^]) mod D^ , 



(3.30) 



where Dg is described as follows. Denote by M^ the graded ring of modular forms with respect to F = Fi(3) 
which expand integrally, i.e. which lie in Z'"[[(7]]. The ring of divided congruences Dg consists of those 
rational combinations of modular forms which expand integrally. Then Dq ~ Dq + Mq ($> Q + M^ ® Q. 



— r 
Hence / takes values in Dq ( 

in O/Z HDl. 



/Z, and thus is a natural generalization of the e-invariant, which takes values 



Note that in (|3.30l) one factor in the integrand is refined while the other factor is classical. This can be 
viewed as a heterotic analog of the elliptic refinement of the one- loop term in type IIA string theory in '55' . 
There, only the one-loop polynomial was refined from /g to Is{q), while the C-field and its field strength G4 
remained classical. The end result is that the whole term Gi A /g is refined to q-expansions. 



The geometric /-invariant. We now consider a connection on the tangent bundle of the (U, fr) ■^-manifold 
Z^^ and hence induced connections Vi and V2 on the two bundles Vi and V2. Consider compatible connec- 
tions, that is ones which preserve trivializations on the faces, i.e. require that they restrict to pure gauge ones 
on the faces. Let M^° be a closed ten-manifold which is a codimension two corner of a {U, fr)^-manifold Z^^ 
of dimension twelve. Then M^° inherits the splitting of its framing. Then, using compatible connections, 
the geometric f -invariant is [14] 



/(Af^",Vi|M,V 



2\M) 



Z12 



Ell{Vi)Ello{V2) 



— r 
mod Da 



0Af[®] 



(3.31) 



A;=0 



This is congruent to zero mod Dq when Z^'^ has an empty corner [14) . We view this as the topological 
contribution to the effective action at the corner. If Af ^° is the codimension-three corner of a {U, ir)^- 
manifold W^^ then the /-invariant of M^^ is trivial. Therefore, as indicated earlier, in order to detect 
elliptic cohomology information on Af^°, the manifold Z^^ itself cannot be a boundary. 

Products. We now consider heterotic string theory on product manifolds Af^° = X" x Xj^"", viewed 
as a corner of the 12-dimensional manifold Z^^ and physically interpret the product formulae of [15 1. As 
explained in the introduction, for framing as well as from the structure of the physical fields, it is natural 
to consider the factors to be odd-dimensional, with the main example being S*"^ x S"^, as a corner of the 
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twelve-manifold D^ x D^. In this case of the general product the /-invariant is determined by the complex 
e-invariant of the factors 

fiX^ X Xf-") = m(Xnec(^f ~") = -m(^f "")ec(Xn , (3.32) 

where m{Xi) is any modular form of weight (dimX^ -I- l)/2 with respect to the group F = ri(3) such that 
m{Xi) = ec(^i) mod Z'"[[q]]. We can have modular forms of weight 2 and 4 by taking the factors to be 3- 
and 7-dimensional, respectively. This is the correct structure detected in |58] in the following sense. The 11- 
dimensional one-loop term gets refined only as far as the 8-dimensional one-loop polynomial /g is concerned 
with the C-field part still being classical. As pointed out in WS\ , one can consider the complimentary point of 
view where the C-field itself is refined while /s remains classical. In the decomposition of the ten-dimensional 
manifold into a product, we see that we have a physical manifestation of the two formulations in formula 
p.32p . Note that if one of the factors has a trivial e-invariant then the geometric /-invariant of the product 
is congruent to zero. 

Examples. 1. The product A/^" = S^ x S"^ . Consider the 3-sphere S^ as the sphere bundle of the 
Hopf line bundle over S^. Framing the base and the vertical tangent gives a framing for the total space. 
The complex e-invariant is ec(>S''^) = — y^i while the real e-invariant es,{S'^) is either — ^ or i|, so that S^ 
represents v. Then m{v) = ji^-Ei , so that m{y) := m{v) — ec{v) = ^(-Ei — 1). The 7-sphere S"^, considered 
as the sphere of the quaternionic line bundle over S*^, represents a. Then ec(a') = oin- One can take 
m{a) = 220-^4 ^° ^^^^ m[(j) :— m{a) — eic{a) = 2io(-^4 ^ !)■ The geometric /-invariant for the product is 
then [T5] 

f{S'xS')^j^iE,~l). (3.33) 

2. The product Af^" = ('5'^)'^ x S'^ . For r] £ irf = Z2, ec(?7) = 5. Now a repeated use of the product 
formula gives 

8-240 

Similarly for other products involving combinations of S^ = U(l) factors with S^ ^ SU(2) or S'^ 



fiiS'f X S') ^ ^JE, - 1) . (3.34) 



The physical interpretation we provide for these examples of [T3] illustrate the reduction to the corner of 
the topological term of the M-theory effective action is captured by a topological index in twelve dimensions. 
Since E4 — 1 + 0{q) then the geometric /-invariant detects 0{q) information. We hope that this paper 
helps provide some insight into the role of elliptic cohomology in M-theory, which certainly deserves a better 
understanding and further investigation. In particular, we hope that the physical setting we provided will 
help in understanding the /-invariant. 
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